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Axial and lateral dynamic pile analyses are generally handled separately; and consequently, dynamic soil reactions are assumed to be
uncoupled. However, pure loading is rarely encountered as combined loading occurs in many situations (offshore piles, pile driving as well as
pile groups and pile rafts). In this study, the effects of nonlinear lateral pile vibrations on the in-phase nonlinear axial pile response of a pile shaft
are studied. New approximate nonlinear solutions for both axial and lateral pile behavior, developed from general elastodynamic equations, are
presented. The solutions are obtained by extending the elastodynamic solution for plane strain cases with a view to model soil nonlinearity. Since
axial soil resistance depends on the conﬁning stress around the pile shaft, the effect of the lateral soil behavior on the conﬁning pressure of the
pile circumference is investigated and the axial soil reaction from coupled in-phase vibrations is derived. It is concluded that the axial unit shear
strength signiﬁcantly increases when lateral soil vibrations involve plasticity, which in turn results in an increase in the axial dynamic resistance
of the pile shaft.
& 2013 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
JEL Classiﬁcations: IGC: D07; E03; E12
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Pile vibration analyses have been widely treated in literature
with the Winkler approach being a commonly used method for
calculating pile response under either axial or lateral vibration
modes. Following the Winkler approach, the soil can be replaced
by an inﬁnite series of independent springs and dashpots,
providing either axial or lateral soil resistance. Soils exhibit a3 The Japanese Geotechnical Society. Production and hosting by
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der responsibility of The Japanese Geotechnical Society.strongly nonlinear behavior, especially under high strain loading
situations (offshore piles, windmill foundations and so on) either
in lateral or axial loading modes. The seismic loading of pile
groups and piled rafts also induces combined lateral and axial
dynamic loads on individual piles. A number of shear modulus
versus shear strain relationships have been developed in literature
to handle such nonlinearity. Among them, the hyperbolic model
by Kondner (1963), the empirical stress–strain relationship by
Ishibashi and Zhang (1993) and the experimental curves by
Vucetic and Dobry (1991) have gained some popularity among
geotechnical engineers (Ishihara, 1996; Kramer, 1996).
Novak’s solution can be considered as the reference
viscoelastic solution for axial soil vibrations using elasto-
dynamic equations (Novak, 1974, 1977; Novak et al., 1978).
The solution was derived by assuming a plane strain condition
in the horizontal soil layers surrounding a pile shaft, withoutElsevier B.V. All rights reserved.
Fig. 1. (a) Pile subjected to axial and lateral harmonic load embedded into
independent horizontal layers and (b) applied in-phase axial and lateral pile
displacements within the considered horizontal layer.
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and Mitwally and Novak (1988) proposed a more realistic soil
response model able to account for the plastic zone around the
pile shaft. They suggested distinguishing two separate radial
soil zones around the pile, namely, an inner zone with reduced
shear stiffness and an outer zone where the elastic solution is
considered. According to Novak et al. (1978), the elastic soil
reaction is considered in the far ﬁeld, since deformations are
small enough. Han and Sabin (1995) solved the nonlinear axial
soil vibration problem by considering an inner zone where
properties gradually reach those of the outer zone using a
parabolic variation for the shear modulus. El Naggar and
Novak, 1994a, 1994b) adopted the same approach, implement-
ing the hyperbolic Kondner (1963) stress–strain relationship in
the inner zone. Michaelides and Gazetas (1995), Michaelides
et al. (1997, 1998) developed semi-analytical solutions for
given radially inhomogeneous shear modulus distributions,
based on the experimental studies of Seed and Idriss (1970),
Richart et al. (1970), and Vucetic and Dobry (1991).
Nogami and Novak (1977) elaborated a rather general
solution (including depth-dependence) to derive the lateral
soil reaction from an elastodynamic equation. The solution of
Novak et al. (1978) constitutes a particular case for the
solution of Nogami and Novak (1977), since it is based on
plane strain conditions. The lateral model suggested by El
Naggar and Novak (1995, 1996), to account for nonlinear soil
behavior, is also based on the Winkler approach. The nonlinear
stiffness is calculated according to the strain level where
ultimate soil resistance was estimated according to American
Petroleum Institute (API, 1991) standards. Chau and Yang
(2005) also developed a nonlinear model for horizontally
vibrating piles. Their work is an extension of the model
suggested by Nogami and Novak (1977) incorporating the
depth-dependency of the lateral soil displacement. Even
though the solution by Nogami and Novak (1977) is more
rigorous than the plane strain solution, its major drawback is
the inability to handle horizontally heterogeneous soil layers.
All the above-mentioned studies focused on either axial or
lateral pile vibrations. It was felt by the authors, therefore, that
the coupling of the two vibration modes would be of original
interest. Thus, a signiﬁcant difﬁculty is added to the dynamic
pile behavior, namely, the complex combination of axial and
bending (lateral) vibration modes. In fact, Poskitt, 1992, 1991)
and Holeyman (1992) attest that not only compressive waves,
but also ﬂexural oscillation and pile whipping can be generated
in many situations, according to ﬁeld observations where
extreme conditions may be reached, such as offshore piles
(Nishimura et al., 2012), windmill pile foundations, pile raft
foundations (Vrettos and Borchrt, 2011) and so on. Using
centrifuge and shaking table tests performed on piled rafts
models, Horikoshi et al. (2003) and Matsumoto et al. (2004)
experimentally demonstrated that even under horizontal shaking
alone, axial loads as well as horizontal loads are caused in the
piles, and that the same loading frequency can be found in both
horizontal and vertical directions.
Fig. 1 presents a general situation (windmill pile) in which a
pile, embedded in independent horizontal layers, is simultaneouslyloaded axially and laterally. Thus, the soil is loaded under both
lateral and axial directions at each contact level with the pile shaft.
The objective of this paper is to investigate the gain (or eventual
loss) of the axial soil impedance (or resistance) due to the lateral
loading at a given horizontal layer (Fig. 1).
All soil impedance expressions in this paper have been
developed assuming plane strain conditions. Firstly, the nonlinear
soil impedance (stiffness and dashpots) against axial and lateral
vibrations, an extension of the work of Novak et al. (1978), is
presented. Then, the effects of the dynamic nonlinear lateral soil
reaction on the axial soil impedance through the computed mean
radial stress are investigated. The dynamic lateral pile displace-
ment is considered in this paper to be in phase with the axial soil
displacement, as shown in Fig. 1. Finally, coupled axial soil
impedances are presented under both common and extreme
loading situations.2. Nonlinear stress strain relationships
Since a nonlinear analysis is considered in this paper, for
either axial or lateral pile vibrations, the available stress–strain
relationships will be reviewed. One of the conventional ways
of representing the soil nonlinear shear response in literature is
the hyperbolic model, where degraded secant shear modulus G
is expressed as (Kondner, 1963; Hardin and Drnevich, 1972;
Hardin, 1978)
G ¼ τmax
γref þ γ
ð1Þ
where τmax is the maximum shear stress (shear strength), γ is
the shear strain and γref is the reference shear strain deﬁned as
γref ¼
τmax
Gmax
ð2Þ
with Gmax being the initial shear modulus.
Hysteretic damping coefﬁcient ξ can be deﬁned as
ξ ¼ ΔE
4πEe
ð3:aÞ
Fig. 2. Comparison of Kondner and Ishibashi and Zhang constitutive relation-
ships: (a) nonlinear shear modulus-shear strain relationship and (b) hysteretic
damping-shear strain relationship.
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relative to restorable (elastic) energy Ee ¼ ðð1=2ÞGmaxγ2CÞ.
Hysteretic damping ξ corresponds to the hyperbolic law and
can be expressed as
ξ ¼ 2
π
2
γref
γ2c
ðγc þ γref Þln
γref
γc þ γref
 !
þ 2 γref
γ2c
þ 1
 !
ð3:bÞ
The main advantages of the hyperbolic model are its
simplicity of implementation and its smooth transition from
linear to perfectly plastic behavior. The hyperbolic curve has a
slope Gmax at γ=0 and smoothly reaches an asymptotic plateau
of τ ¼ τmax for γ=∞, while secant slope G continuously
decreases as γ increases. Hardin and Drnevich (1972),
Hardin (1978) and Richart et al. (1970), found that by
representing the data in the normalized form, τ=τmax vs γ/γref,
curves from various clay and sand specimens could be
consolidated into a single, adjusted hyperbola.
An alternate stress–strain relation has also been considered
in this paper, namely, the empirical relation suggested by
Ishibashi and Zhang (1993), in which the degradation of the
shear modulus is expressed as a function of shear strain γ, of
conﬁning mean stress s
0
and of plasticity index IP.
G
Gmax
¼ 0:5 1þ tan h 0:492 ln 0:000102þ n
γ
  
s′m ð4:aÞ
where
m¼ 0:272 1−tanh 0:4 ln 0:000556
γ
  
e−0:0145IP
1:3 ð4:bÞ
n¼
0:0 for IP¼ 0
3:37 10−6IP1:404 for 0o IP≤15
7 10−7IP1:976 for 15o IP≤70
2:7 10−5IP1:115 for IP470
8>><
>>:
ð4:cÞ
and
s′ ¼ s
′
1 þ s
′
2 þ s
′
3
3
ð4:dÞ
where s′1, s
′
2 and s
′
3 are the principal effective stress levels.
The hysteretic damping coefﬁcient resulting from Eqs. (3.a),
(4.a), (4.b) and (4.c) can be expressed as (Ishibashi and Zhang,
1993)
ξ¼ 1þ e
−0:0145IP1:3
6
0:586
G
Gmax
 2
−1:547
G
Gmax
þ 1
" #
ð5Þ
Even though the relationship by Ishibashi and Zhang (1993)
is qualitatively similar to the experimental curves of Vucetic
and Dobry (1991), the major difference results from the effects
of conﬁning stress s′ on the degraded law, which is limited to
sandy soils and which can be disregarded for high plasticity
soils (Michaelides et al., 1998).
The relations of both Kondner (1963) and Ishibashi and
Zhang (1993) will be used in this paper to derive the nonlinear
pile shaft response under axial as well as lateral vibrations.
Fig. 2a and b compare the shear modulus and the hystereticdamping evolutions, respectively, as functions of shear strain.
Higher soil degradation is observed for a lower plasticity index
for the Ishibashi and Zhang (1993) relation and for a lower
strain reference of γref for the hyperbolic relation.
Fig. 2b also clearly indicates that the hysteretic damping
coefﬁcient reaches an asymptotic value of (2/π) for any value
of reference strain for the hyperbolic law. For Ishibashi and
Zhang’s law, the asymptotic value of ξ depends on plasticity
index (ξmaxIP ¼ ðð1þ e−0:0145IP
1:3Þ=6) reaching a maximum of
33% for IP¼0 and 18.3% for IP¼50.
It is also interesting to note that the shear modulus
degradation law of Ishibashi for IP¼0 is close to that of
Kondner for γref of about 3 10−4.
For the numerical analysis discussed herein, the initial (or
maximum) shear modulus can be calculated using the relation by
Richart and Wylie (1978) and Woods and Wylie (1978), namely,
Gmax ¼ 6906
ð2:17−eÞ2
1þ e s
′0:5 kPa½  ð6Þ
where e is the void ratio and s′ is the initial effective conﬁning
stress calculated as
s′ ¼ s
′
v þ 2s
′
r;0
3
ð7Þ
where s
0
v is the calculated effective initial vertical stress and
s
0
r;0 ¼ ks
0
v is the effective horizontal stress, with k being the
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with Jacky’s formula k¼ 1−sinφ′, wherein φ′ is the internal
friction angle.
Once the maximum shear modulus has been calculated, the unit
shear strength (for both axial and lateral analyses) for the pile shaft
is calculated by the Mohr–Coulomb criteria (for cohesionless soil).
τmax ¼ s0r;0tan δ ð8Þ
where δ is the interface friction angle. In general, δ depends on the
roughness of the structure, internal friction angle φ′ and mean
particle size d50 (Jardine et al., 1992). Brumund and Leonerds
(1973), Bolton (1991) and many other authors state that δ could be
equal to φ′ for the concrete–soil interface and for cast-in-place
piles. Jardine et al. (1992, 2005), Jardine and Standing (2012)) and
Tsuha et al. (2012) indicated that δ is within the range of 261 to 331
depending on d50.
Consequently, reference stress–strain relation γref ¼
ðτmax=GmaxÞ can be deduced.
Two regions are considered to model the nonlinear soil
response. An inner nonlinear viscoleastic zone in the shape of
a hollow cylindrical tube, with an inner radius equal to pile
radius r0 and an outer radius equal to R14r0, is considered.
Then, an outer viscoelastic inﬁnite region is considered within
radial coordinate r with R1oro∞ (Fig. 1).3. Nonlinear visco-elastic axial soil resistance
3.1. General
The governing equation of axis-symmetric motion for pure
dynamic vertical shear stress in homogenous elastic media is
expressed as
∂ðrτrzÞ
r∂r
¼ ρ ∂
2w
∂t2
ð9Þ
where ρ is the soil density, w is the vertical soil displacement
and τrz is the axial shear stress.
The general shear stress–shear strain elastic relation, applic-
able to the soil’s axial shear, is expressed as
τrz ¼Grz
∂w
∂r
ð10Þ
where Grz is the soil axial shear modulus.3.2. Inner zone
By substituting Eq. (10) into Eq. (9), and since two regions are
considered (Fig. 1), the displacement solution for the inner zone
is that of a hollow cylinder. Assuming that the inner hollow
cylinder is made of a visco-elastic medium, the displacement can
be expressed by (Abramowitz and Stegum, 1972)
w¼ AK0ð λr0 rÞ þ BI0ð λr0rÞ With r0≤r≤R1 ð11Þ
where A and B are constants depending on the boundary
conditions, K0 and I0 are modiﬁed Bessel functions of the zero
order of the ﬁrst and second kind, respectively, and λ isexpressed as
λ¼ aiﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ i2ξax
p ð12Þ
where i¼
ﬃﬃﬃﬃﬃﬃ
−1
p
, ξax is the equivalent axial hysteretic damping
coefﬁcient of the inner zone, and a¼ (ωr0/Vs) is the dimen-
sionless frequency of the inner zone where ω is the angular
frequency and Vs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðGrz=ρÞ
p
is the shear wave velocity of the
inner zone.3.3. Outer zone
In the outer zone, assumed to consist of another homo-
geneous visco-elastic medium, the solution by Novak et al.,
(1978) for the plane strain case is used. The displacement
solution is expressed as
w¼ CK0
λmax
R1
r
 
With r≥R1 ð13Þ
where C is a constant, depending on the boundary conditions,
and λmax is expressed as
λmax ¼
amaxiﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ i2ξax;min
p ð14Þ
where ξax;min is the axial hysteretic damping coefﬁcient of the
outer zone, amax ¼ ðωr0=Vsmax Þ is the dimensionless frequency
of the outer zone and Vsmax ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðGrz;max
p
=ρÞ is the shear wave
velocity of the outer zone with Grz;max being the soil axial shear
modulus of the outer zone. Solution (13) postulates a radiation
condition at r¼∞ (Sommerfeld boundary condition).3.4. Equivalent properties
An equivalent linearization technique is used to calculate the
degraded shear modulus and the hysteretic damping within the
inner zone. In fact, average axial strain γrz is deﬁned in both
stress–strain relationships to calculate the equivalent secant
modulus Grz and hysteretic damping ξax. The expression for
γrz is
γ
−
rz ¼
1
ðR1−r0Þ
Z R1
r0
jγrzjdr¼
1
ðR1−r0Þ
Z R1
r0
 ∂w
∂r
dr ð15Þ
An iterative procedure is used for the calculation of
consistent Grz and ξax values applicable to the inner zone.
More speciﬁcally, initial elastic modulus Grz;max and hysteretic
damping ξax;min are considered, and soil displacement is
calculated using Eqs. (11) and (13). Then, the average strain
calculated from Eq. (15) is substituted into Eqs. (1)–(5) to
better assess degraded shear modulus Grz and hysteretic
damping ξax. These updated values are used to complete a
new equivalent visco-elastic analysis using Eqs. (11) and (13)
to derive a new average shear strain, γrz, from Eq. (15). Once
again, Eqs. (1)–(5) are used to derive new Grz and ξax values.
This iterative procedure is repeated until the convergence of
γrz, Grz and ξax has been achieved.
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Constants A, B (Eq. (11)) and C (Eq. (13)) are determined
by considering the following conditions:1. Enforcing displacement W0e
iωt at the pile–soil interface2. Continuity of displacement w across the two regions
3. Continuity of the shear stress τrz across the two regions.
These conditions lead to three simultaneous equations which
can be written in matrix form as
½Aij33Λ¼W ð16Þ
where
Λ¼ A B C 	T ð17Þ
W ¼ W0 0 0
 	T ð18Þ
where W0 is the axial displacement applied at the pile–soil
interface.
The matrix elements [Aij]3 3 are expressed in Appendix A.
4. Nonlinear visco-elastic lateral soil resistance
4.1. General
The dynamic stress equilibrium equations under horizontal
plane strain conditions are expressed in terms of radial and
tangential displacements (u and v) as
1
r
∂ðrsrÞ
∂r
þ 1
r
∂τrθ
∂θ
−
sθ
r
¼ ρ ∂
2u
∂t2
ð19Þ
∂ðr2τrθÞ
∂r
þ 1
r
∂sθ
∂θ
¼ ρ ∂
2v
∂t2
ð20Þ
where r is the radial distance, θ is the circumferential angle and
sr, sθ and τrθ are the radial, tangential and shear stress,
respectively. These stress levels are expressed as
sr ¼ λ
∂u
∂r
þ u
r
þ 1
r
∂v
∂θ
 
þ 2Grθ
∂u
∂r
ð21Þ
sθ ¼ λ
∂u
∂r
þ u
r
þ 1
r
∂v
∂θ
 
þ 2Grθ
u
r
þ 1
r
∂v
∂θ
 
ð22Þ
τrθ ¼Grθ
∂v
∂r
−
v
r
þ 1
r
∂u
∂θ
 
ð23Þ
where λ is Lamé’s ﬁrst parameter and Grθ is the lateral soil
shear modulus.
As presented in Fig. 1, a loading of u¼U0eiωt is applied in
the direction of θ¼01.
Potential functions φ and ψ, related to lateral u and
tangential v displacements (Lamb, 1904), are expressed as
u¼ ∂φ
∂r
þ 1
r
∂ψ
∂θ
ð24Þv¼ 1
r
∂φ
∂θ
−
∂ψ
∂r
ð25Þ
As for the axial analysis, two separate homogenous ﬁelds will
be considered to model the nonlinear lateral pile vibrations.
4.2. Inner zone
The nonlinear inner zone solution is similar to that of a
hollow cylinder (Lamb, 1904).
ϕ¼ C1K1
α
r0
r
 
þ C2I1
α
r0
r
 
 
cosθ ð26Þ
ψ ¼ C3K1
β
r0
r
 
þ C4I1
β
r0
r
 
 
sinθ ð27Þ
where C1,C2,C3 and C4 are constants depending on the
boundary conditions, α¼ (β/κ) with
κ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2ð1−υÞ=ð1−2υÞÞ
p
, υ is the soil Poisson ratio,
β¼ ðali=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ i2ξlat
p Þ, al¼ (ωr0/Vs,l) is the lateral dimension-
less frequency, where ξlat is the hysteretic lateral damping, and
Vs;l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðGrθ=ρÞ
p
is the shear wave velocity of the inner zone.
4.3. Outer zone
The solution for the outer zone is the same as that in Novak
et al. (1978) for a semi-inﬁnite medium (nonreﬂecting waves at
r¼∞ or Sommerfeld radiation boundary condition), namely,
ϕ¼ C5K1
αmax
r0
r
 
cos θ ð28Þ
ψ ¼ C6K1 βmaxr0
r
 
sin θ ð29Þ
where C5 and C6 are constants depending on the boundary
conditions, αmax ¼ ðβmax=κÞ where κ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2ð1−υÞ=ð1−2υÞÞ
p
, υ
is Poisson’s ratio, β¼ ððal;maxiÞ=ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ i2ξlat;min
p ÞÞ, where
ξlat;min is the equivalent hysteretic lateral damping in the
outer zone, and al;max ¼ ðωr0=Vs;l;maxÞ is the dimensionless
frequency, where Vs;l;max ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðGrθ;maxp =ρÞ is the shear wave
velocity of the outer zone, with Grθ;max being the lateral shear
modulus in the outer zone.
4.4. Equivalent properties
Similar to the axial analysis (see Section 3.4), an equivalent
linearization technique is used this time to calculate the
degraded shear modulus and the hysteretic damping in the
inner zone by iterations using an average lateral strain γrθ in
stress–strain constitutive Eq. (1) to (4.a–d). The expression for
γrθ is (Chau and Yang, 2005)
γrθ ¼
1
πðR21−r20Þ
Z 2π
0
Z R1
r0
jγrθrdrdθj ð30Þ
The iterations are stopped when the convergence of γrθ, Grθ
and ξlat has been reached.
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Constants Ci, i¼1,6 are determined by considering the
following conditions:1.Tab
Sum
ρ[k
180Enforced displacement U0e
iωt at all points of the pile–soil
interface.
2. Continuity of radial displacement u and tangential displace-
ment v at the inner outer-zone interface.
3. Continuity of both radial stress sr and shear stress τrθ across
the two regions.
These conditions lead to six simultaneous equations which
can be written in matrix form as
½Lij66Ci ¼U ð31Þ
where
C¼ C1 C2 C3 C4 C5 C6
 	T ð32Þ
U ¼ U0 −U0 0 0 0 0
 	T ð33Þ
U0 is the amplitude of the applied harmonic lateral
displacement of all points of the pile–soil interface. It should
be noted that the considered segment of the pile shaft itself
undergoes a pure translation and remains circular.
The matrix elements, [Lij]6 6, are expressed in Appendix B.5. Numerical results of independent axial and lateral
nonlinear soil responses
In this section, the numerical results that provide the
nonlinear axial and lateral soil resistance to the imposed
harmonic movement of the pile will be presented. The same
dimensionless frequency, a0 ¼ amax ¼ al;max ¼ ðωr0=Vs;maxÞ, is
considered in either axial or lateral vibrations, allowing for
Grz;max ¼Grθ;max.
Table 1 summarizes the main reference parameters through-
out this paper.
After the algorithm convergence of the axial analysis
(Section 3.4), shear stress τrz at the pile–soil interface is
expressed from Eq. (10). The complex axial dynamic impe-
dance of the pile–soil system, per unit length of pile Kax,nl, is
obtained by
Kax;nl ¼
−2πr0
w0
τrzjr ¼ r0 ð34Þ
Eq. (34) is rewritten as
Kax;nl ¼ kz þ iωcz ð35Þle 1
mary of reference parameters used in numerical analysis.
g/m3] IP γref ðs
0
rÞ c[kPa] δ [1] e
0 50 3 10−4 0 301 0.8where kz and ωcz are the real and the imaginary parts of the
axial soil–pile impedance of the pile shaft, respectively.
The reference linear impedance for the axial analysis
(Novak et al., 1978) is expressed as
Kax;l ¼ 2πGrz;maxð1þ i2ξax;minÞλmax
H21ðλmaxÞ
H20ðλmaxÞ
¼ kz;l þ iωcz;l ð36Þ
H20 and H
2
1 are the second kind Henkel function of the zero
and the ﬁrst order, respectively.
For the sake of comparison, the stiffness and the dashpot
coefﬁcients (kgaztas,nl and cgaztas,nl) of the model by
Michaelides et al. (1997, 1998) are used in this section to
analyze the axial soil impedance. Michaelides et al. (1997,
1998) used a radial discretization of the soil with parabolic
distribution of the shear modulus based on the experimental
law of Ishibashi and Zhang (1993). The approximate form of
the solution by Michaelides et al. (1997, 1998) results in
kgaztas;nl ¼ ð1þ 1:2λÞ−1 1−
0:6λ
1−λ
a1:5

kgaztas;l

ð37Þ
cgazetas;nl ¼ ð1−0:84λð1þ 0:66log aÞÞcgazetas;l ð38Þ
where λ is the loading intensity parameter, λ ¼ 600ðτrz;max=
Grz;maxÞe−1:39ðPI=125Þ, while kgazetas;l ¼ 1:8Grz;maxð1þ 0:5 ﬃﬃﬃﬃﬃﬃﬃﬃamaxp Þ
and cgazetas;l ¼ 2:4a0:25maxπr0ρVs;max þ 2ξrz;minðkgazetas;l=ωÞ are the
real and the imaginary linear (λ=0) impedance parameters,
respectively, according to Makris and Gazetas (1993).
After the convergence of the iterative procedure discussed in
Section 4.4, the complex lateral soil impedance is derived from
horizontal soil resistance P. The latter is calculated based on
the following expression:
PðrÞ ¼−
Z 2π
0
ðsrðr; θÞcosðθÞ−τrθðr; θÞsinðθÞÞrdθ ð39Þ
The nonlinear lateral soil impedance is expressed as
Klat;nl ¼
Pjr ¼ r0
U0
ð40Þ
Eq. (40) is rewritten as
Klat;nl ¼ kh þ iωch ð41Þ
where kh and ωch are the real and the imaginary parts of the
lateral soil–pile impedance of the pile shaft.
kz, cz, kh and ch are frequency-dependent (they also
incorporate hysteric damping); they represent lateral spring
and dashpot constants of the pile–soil interface model.ν s′[kPa] r0[m] ξax;min ξlat;min
0.4 30 0.2 0.01 0.01
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impedance is expressed as
Kh;l ¼ −πa2maxGrθ;maxT ¼ kh;l þ iωch;l ð42Þ
whereT ¼ 4H
2
1ðβmaxÞH21ðαmaxÞ þ αmaxH21ðβmaxÞH20ðαmaxÞ þ βmaxH20ðβmaxÞH21ðαmaxÞ
βmaxH
2
0ðβmaxÞH21ðαmaxÞ þ αmaxH21ðβmaxÞH20ðαmaxÞ þ βmaxαmaxH20ðβmaxÞH20ðαmaxÞ
ð43ÞFigs. 3 and 4 represent the real and the imaginary parts,
respectively, of the axial soil–pile impedance derived from the
approach presented in Section 3 under imposed vertical pile
displacement W0¼0.001r0. Likewise, Figs. 5 and 6 represent the
real and the imaginary parts, respectively, of the lateral soil–pile
impedance derived from the approach presented in Section 4
under imposed lateral pile displacement U0¼0.0001r0.
These impedances are normalized to the axial (kz,l,cz,l) and to the
lateral (kh,l ch,l) linear impedances derived by Novak et al. (1978),
assuming ξax;min¼ξlat;min¼0.01, to better visualize their nonlinear
character. Figs. 3–6 provide the results for different dimensionless
inner zone radii; R1/r0 values 1.5, 2, 3 and 6 are considered.
The value of R1/r0 to be adopted for particular cases has
been debated in literature. It can be expected to depend on theFig. 3. Nonlinear axial soil stiffness for four inner zone radii using the stress–
strain law of (a) Kondner (γref¼3 10−4) and (b) Ishibashi (IP¼50), under
W0¼0.001r0.extent of the nonlinearity, and thus, to the level of loading.
Chau and Yang (2005) used a ratio of R1/r0 varying from 1.5
to 5 for the parametric analysis. Han and Sabin (1995) used a
ratio of R1/r0 varying from 1.1 to 2. The selection of the R1/r0
ratio could be based on experimental observation (dynamic t-zor P-y matching). NCHRP report 461 (2001) suggests using
R1/r0 values ranging from 1.1 to 2.
Both stress–strain relations presented in Section 2 are used
in the analysis. The results are presented for the frequency
range of 0.01oa0o1, which is the range of practical interest
(Makris and Gazetas 1993).
It was found from Figs. 3–6 that1.Fig
lawThe evaluated solutions conform to the expectation that the
nonlinear soil reaction does not exceed that evaluated by
Novak et al. (1978)’s, which assumes viscoelastic behavior.
This is unlike the solution by Michaelides et al. (1997, 1998)
for the axial case, where the values of kgaztas,nl and cgaztas,nl
can unplausibly exceed their viscoelastic counterparts.. 4. Nonlinear axial soil damping for four inner zone radii using the stress–strain
of (a) Kondner (γref¼3 10−4) and (b) Ishibashi (IP¼50), underW0¼0.001r0.
Fig. 6. Nonlinear lateral soil damping for four inner zone radii using the
stress–strain law of (a) Kondner (γref¼3 10−4) and (b) Ishibashi (IP¼50),
under U0¼0.0001r0.
Fig. 5. Nonlinear lateral soil stiffness for four inner zone radii using the stress–
strain law of (a) Kondner (γref¼3 10−4) and (b) Ishibashi (IP¼50), under
U0¼0.0001r0.
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analysis, since nonlinear stiffness and dashpot constants
increase with R1/r0 values. This is an expected result, since
higher degradation is observed for lower inner zone radii,
reﬂecting the geometric attenuation of the deformation
amplitude with the radial coordinate. In the authors’ opinion,
the strongly degraded inner zone (in practical situations
involving vibratory pile driving, impact pile driving and so
on) should not extend twice the radius of the pile.3. The degradation of the soil stiffness and dashpot constants
increases when dimensionless frequency a0 increases.4. Kondner’s law with γref = 3 10−4 results in a more
extensive stiffness degradation than Ishibashi and Zhang’s
law with IP=50, which is in accordance with the observa-
tions made in Fig. 2a.
The authors noted that, in the course of the iterative
procedure discussed in Sections 3.4 and 4.4, convergence
could generally be reached in less than 20 steps for both axial
and lateral analyses, which is required to establish Figs. 3–6.
It was also noticed that a larger number of steps would
occasionally be needed to assure convergence for higher
frequencies and higher imposed displacements.
For both axial and lateral analyses, strain levels (γrz, γrθ)
vary from γref/2 for lower displacement (W0=10
−4r0 and
U0=10
−5r0) and lower dimensionless frequency (amax ¼ 0:1)
to 4γref for higher displacement (W0=10
−3r0 and U0=10
−4r0)
and higher dimensionless frequency (amax ¼ 0:5).Figs. 7 and 8 show that with an inner radius of R1/r0=1.5
with Kondner’s law, a progressive decrease in the amplitude of
the imposed displacements induces a progressive increase in
soil stiffness. For vanishing displacements (axial W0 less than
10−5r0 and lateral U0 less than 10
−6r0), the proposed solutions
coincide with the viscoelastic solution developed by Novak
et al. (1978). The same conclusions were drawn by the authors
for axial and lateral damping. This validates the proposed
nonlinear algorithms for axial and lateral analyses with
reference to the equivalent linear case.
6. Numerical results for coupling analysis
When both lateral and axial in-phase harmonic displace-
ments simultaneously occur U0
x
; 0y;W0
z
 
eiωt
 
, the axial
ultimate resistance of the pile shaft is inﬂuenced by variations
in the radial soil stress (Horikoshi et al., 2003; Matsumoto
et al., 2004; Nishimura et al., 2012). This is easily expressed
using the Mohr–Coulomb criterion for cohesionless soil.
τrz;max ¼ s0rtanδ ð44Þ
Consequently, the calculation of the updated radial stress
value at the pile–soil interface, due to the lateral displacement,
is very important for seeing whether or not there is a change in
maximum axial shear τrz;max. In Fig. 9, the evolution of the
radial stress amplitude around the pile, for a given
M. Allani, A. Holeyman / Soils and Foundations 53 (2013) 395–407 403dimensionless frequency a0¼0.1, is investigated. Beginning
with the initial radial stress calculated from the coefﬁcient of
lateral stress at rest, k (green circle in Fig. 9, the blue circles
represent the evolution of the radial stress for different values
of imposed displacement U0/r0. The radial stress distribution
results from the nonlinear algorithms presented in Section 4 for
the lateral soil vibrations after reaching convergence. It is
noted that the radial stress on the left side decreases until theFig. 8. Lateral stiffness validation for R1/r0¼1.5 with Kondner law.
Fig. 9. Evolution of peak radial stress amplitude as function of lateral pile displacem
this ﬁgure legend, the reader is referred to the web version of this article.)
Fig. 7. Axial stiffness validation for R1/r0¼1.5 with Kondner law.active limit state is reached (red circle). The active limit
constitutes a lower bound for the radial stress in this case.
On the right side; however, the inverse situation happens.
The radial stress increases and approaches the passive limit
state (red circle). This state constitutes a higher bound, since
the radial stress should not exceed the passive radial stress.
An elliptical shape of the radial stress distribution is
obtained before reaching the active limit state. Reaching the
passive limit state requires rather large lateral displacements
(more than r0/10 in this case).
Attention must be paid to the circumferential distributions of
radial and tangential displacements within the soil. Results
show that the radial displacement and stress are maximum at
the angle of imposed loading (θ¼01), while the maximum
values for the tangential displacement and shear strain (and
shear stress) are maximum at angle θ¼901. This emphasizes the
fact that the average shear strain, chosen per Eqs. (15) and (30),
remains an approximation. These circumferential distributions
have to be taken into account when analyzing the coupling
between axial and lateral responses. In fact, it is necessary to
compute an average value for the radial stress for the calculation
of the coupled maximum shear stress (Eq. (44)).
This was calculated using the following equation:
sr;avg′ ¼
1
2π
Z 2π
0
s′rjr ¼ r0dθ ð45Þ
The evolution of the radial average stress at the soil–pile
interface is presented in Fig. 10 for the stress–strain relation-
ships presented in Section 2, for two values of the dimension-
less frequency (a0¼0.1 and a0¼0.5) and for three values of
R1/r0(1.5, 2 and 3).
It was found from Fig. 10 that1.entsr,avg′ remains constant under limited lateral displacements.
This value is equal to initial radial stress s′r;0.2. Beyond a certain imposed displacement U0 (threshold
displacement), which corresponds to the beginning of the
plastic state (soil active state in Fig. 9), the radial mean
stress increases quasi-linearly.using Kondner for a0¼0.1. (For interpretation of the references to color in
Fig. 11. Coupled and uncoupled axial soil stiffness using law of (a) Kondner
(γref¼3 10−4) and (b) Ishibashi (IP¼50) under W0¼0.001r0 for two inner
zone radii.Fig. 10. Mean radial stress versus lateral pile displacement using law of (a)
Kondner (γref¼3 10−4) and (b) Ishibashi (IP¼50), for two dimensionless
frequencies (a0¼0.1 and a0¼0.5) and three inner zone radii.
M. Allani, A. Holeyman / Soils and Foundations 53 (2013) 395–4074043. Since the lateral soil stiffness decreases with the dimension-
less frequency, the soil enters into the state of plasticity
more rapidly.4. sr,avg′ increases more rapidly for low values of R1/r0.
A second coupling effect between axial and lateral loading
applies to the maximum soil shear modulus. In fact, according
to Eq. (6), Gmax depends on the conﬁning stress which, in turn,
depends on the nonlinear mean radial stress. Consequently, a
change in the radial stress also implies a change in Gmax,
according to Eqs. (4) and (5). When using Ishibashi and
Zhang’s approach, the stress–strain relation also depends on
the conﬁning stress, thus, causing another coupling between
the axial and lateral vibrations.
Figs. 11 and 12 compare the coupled nonlinear axial soil
stiffness and damping constants to the uncoupled ones for
imposed vertical displacement amplitude W0=10
−3r0. It can be
noted that1. The increase in the coupled soil axial stiffness and dashpot
constants, relative to the uncoupled ones, is more pro-
nounced for a ratio of U0/W0=1.2. The gain in axial soil reaction is not very signiﬁcant for theimposed displacements (in the order of 2–3% of the linear
soil stiffness and dashpot constants and 10% of the
nonlinear soil stiffness and dashpot constants).3. For a given value of R1/r0, the gain in axial soil resistance
seems to be constant.
Figs. 13 and 14 portray the coupling effect for a higher
imposed displacement (W0=10
−2r0 being in the range of
practical interest of pile driving and vibratory pile driving).
It was concluded from Figs. 13 and 14 such that1. The coupling effects begin for a displacement ratio of
U0/W0=0.1. For a U0/W0 value lower than 0.1, no coupling
was observed as the coupled soil impedance coincides with
the uncoupled nonlinear axial soil impedance.2. The coupled nonlinear soil stiffness and damping increase
for higher values of U0/W0. This is in accordance with the
results of Fig. 10.3. For a U0/W0 value of 1, the coupled axial soil reaction
increases by about 50% compared to the uncoupled one.4. Higher R1/r0 ratios induce higher coupling effects for the
same value of U0/W0.
Figs. 15 and 16 illustrate the respective inﬂuences of
hysteretic damping ξmin (ξmin=ξax;min=ξlat;min) and of Poisson’s
Fig. 13. Coupled and uncoupled axial soil stiffness using law of (a) Kondner
(γref¼3 10−4) and (b) Ishibashi (IP¼50) under W0¼0.01r0 for two inner
zone radii.
Fig. 14. Coupled and uncoupled axial soil damping using law of (a) Kondner
(γref¼3 10−4) and (b) Ishibashi (IP¼50) under W0¼0.01r0 for two inner
zone radii.
Fig. 15. Inﬂuence of the outer zone hysteretic damping on coupled nonlinear
axial impedance for r1¼2r0 and U0¼W0.
Fig. 12. Coupled and uncoupled axial soil damping using law of (a) Kondner
(γref¼3 10−4) and (b) Ishibashi (IP¼50) under W0¼0.001r0 for two inner
zone radii.
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sionless frequencies (a0=0.1 and a0=0.5), combined with
selected displacement and degradation laws.
It can be observed from Fig. 15 that the coupled normalized
stiffness decreases when the hysteretic damping of the outer
zone increases, while the opposite happens for the coupled
normalized damping. This is in agreement with the equivalent
viscoelastic analysis of Novak et al. (1978). The same
conclusions were found for uncoupled normalized stiffness
and damping.
The logarithmic scale used in Fig. 16 helps the reader detect
the modest increase in the coupled impedance for a higher
Fig. 16. Coupled nonlinear axial impedance of shaft pile vs. dimensionless
displacement for ν¼0.3 and ν¼0.45 (r1¼2r0 and U0¼W0).
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exceeds W0¼10−3r0.7. Conclusions
In this paper, a nonlinear axial and lateral soil analysis, based
on an extension of the available plane strain solution, is
developed for the purpose of coupling the axial and lateral in-
phase pile harmonic responses of a pile shaft. A plane strain soil
disk was assumed, using an inner nonlinear zone and an outer
visco-elastic zone, for both axial and lateral vibrations. It was
shown that the radial mean stress increases signiﬁcantly as a
function of the lateral soil displacement, resulting in an increase
in the axial soil stiffness and damping when using Kondner’s
hyperbolic law. That increase in the radial mean stress also
induces an increase in the mean effective stress which, in turn,
induces an increase in the soil stiffness when using Ishibashi and
Zhang’s law. The developed solutions are useful for managing
nonaxial soil loading (vibratory pile driving, offshore piles,
windmill pile foundations and so on) and for estimating the
effects on axial pile vibrations. A practical conclusion is that the
axial resistance of piles undergoing lateral displacement can be
increased from a purely axial one by a margin in the order of 10%
for limited lateral displacements and much more (up to 50%)
under more intense lateral displacements.Appendix A
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It should be noted that the expressions below, although inspired
from the methodology proposed by Chau and Yang (2005), are
different. Chau and Yang (2005) extended Novak and Nogami
(1977)’s solution; however, the expressions below are an extension
of Novak et al. (1978)’s solution under plane strain conditions.
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